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Summary: We introduce an FFT approach to calculate regional Minkowski measures over sphere and ellipsoidal
support, utilizing the additivity of the Minkowski functionals. The method is compared against two direct
summation techniques, the first one simply calculating the Minkowski functionals over a spherical support,
while a shift algorithm utilizes a vertex configuration histogram strategy.

1. INTRODUCTION

The integration of numerical simulation and physical measurements, e.g. digital and conventional core analysis,
requires the consideration of significant sample sizes when heterogeneous core samples are considered. In such
case a hierarchical upscaling of properties may be achieved through a workflow of partitioning the sample into
homogeneous regions followed by characterization of these homogeneous regions and upscaling of properties.
Examples of such heterogeneities are e.g. fine laminations in core samples or different micro-porosity types
as consequence of source rock components and diagenesis. In the past we applied the Minkowski measures
for structural analysis [1] and to derive such classifications for laminated systems [2] and extracted different
micro-porosity types for a oolithic carbonate by a combination of intensity-based segmentation methods and
morphological operations [3]. An alternate approach was presented by [4], utilizing low resolution estimates of
physical properties input attributes for the classification. Using the Minkowski measures with large support
was so far computationally very expensive and has found less applications.

The Minkowski functionals are additive and can be calculated efficiently on a grid [5]. The calculations are
based on a count over all vertex configurations. The vertex configuration histogram is then converted to the
actual Minkowski functionals (MFs), since the contribution of each configuration to the MFs is known.

Here we introduce an FFT approach to calculate these measures locally, utilizing their additivity. The
algorithms are compared against direct summation techniques and shift-overlap approaches for a selection of
different averaging supports to illustrate their speed and practical applicability. We consider a range of artificial
Boolean models and a reservoir rock to demonstrate the efficiency and speed of this method. The classification
framework is tested by comparing to the known initial micro-structure distribution in terms of choice of averaging
elements (size and shape).

2. COMPUTATIONAL METHODS

The calculation of the Minkowski measures is carried in series of steps. In first instance we calculate the vertex
configuration of each vertex (a combination of 2x2x2 voxels of the underlaying tomogram) to derive a field
of vertex configurations. A particular reference phase is considered, e.g. the solid, such that the input phase
distribution is binary. This results in 28 possible configurations for each vertex. In the second step we choose
a structuring element, e.g. a sphere of radius R. The structuring element is then applied to derive a field of
average MFs:

1. Direct summation method: For each location of the structural element, calculate the Minkowski functionals
directly from a sum over all vertex configurations.
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2. Direct summation with shift: find the vertices which are dropped or added from the vertex configuration
histogram when shifting the constant structural element over the lattice.

3. FFT approach for all 256 configurations: Calculate 256 forward FFTs and one for the structuring element
and calculate the vertex configuration histograms by convolution (+256 back transforms).

4. FFT approach utilizing rotational symmetry (22 configurations): Calculate 22 FFTs and one for the struc-
turing element and calculate the vertex configuration histograms by convolution (+22 back transforms).

3. RESULTS

The four algorithms are applied to a 4003 subset of a Bentheimer sandstone structure. We consider sphere radii
of R ∈ {5, 10, 20, 40, 80} in units of voxel. The boundaries are adjusted to the structuring element, such that the
structuring element always fits fully into the image domain (e.g. 2403 for R = 80). Runtimes for a non-parallel
version of the algorithm are given below. We note that for the case shown below the structuring element, even
if rather larger, is placed regularly and on all positions of the lattice (stride one in all directions). We further
apply the method to a range of Boolean layered systems and and to a laminar sandstone sanple.

We introduced a new algorithm for the fast calculation of regional Minkowski measures. The technique is
orders of magnitude faster than direct summation methods. This removes a serious bottleneck in applying the
morphological approach to classification problems e.g. for the partitioning of samples into rock-types when
applied to rock samples. The method is particularly advantageous for the case of large structuring elements.
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Figure 1: Runtimes for regional Minkowski measure field calculations for spherical structuring elements of
R ∈ {5, 10, 20, 40, 80} on a 4003 (voxel) Bentheimer sandstone.


