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Summary: 2D Arrays with perfect delta-function auto-correlation and low cross-correlation, designed using
discrete Radon transforms, have found application in x-ray ghost imaging tomography. Using a new Legendre
sequence idea, we generalize to nD and build families of perfect arrays with prime side length p, with lower
cross-correlation. Affine transformations extend the perfect nD Legendre array family size to at least (p− 1)n.

1. INTRODUCTION

Families of discrete arrays, where each member exhibits constant amplitude in the Fourier spectrum and the
arrays are all maximally different, are highly desirable in tomography and imaging systems in general. Arrays
with ideal correlation properties also find use in many digital authentication and communications applications.
For such applications, random arrays are typically employed as they approximate these sought-after properties
and it is easy to generate large numbers of such arrays. However finite, non-random arrays can be constructed
that possess superior (perfect) auto-correlation, yielding strictly zero correlation unless perfectly aligned. For a
family of such arrays, an optimally low cross-correlation between all members is advantageous, yet challenging
to attain over a large family size. Using the 1D Legendre sequence [1], we build families of n-dimensional
arrays with prime number side length p that all exhibit perfect auto-correlation and a very low cross correlation
between all pairs of family members [2]. In 2D, these arrays are restricted, by design, to the desirably small
integer alphabet {−1, 0, 1, 2}. A subset of size p− 1 of this family is perfect and has the lowest possible cross-
correlations. These arrays have found application, for example, in ghost tomography, where sets of orthogonal
masks are used to impart a spatial imprint on a uniformly intense sheet of x-rays that is to be projected onto
an object [3, 4]. The correlation between each distinct light pattern and the object attenuation is then recorded
as a single intensity by a single pixel camera. These correlations, often applied using a compressed sensing
technique, permit reconstruction of the object’s profile. 3D versions of these perfect arrays might be used for
focusing rays in imaging systems.

2. THE LEGENDRE SYMBOL

The Legendre symbol, written
(

a
p

)
, is a function with values -1, 0, 1, depending on if a is a quadratic residue

of prime number p.

(
a

p

)
=


0 if p|a
+1 if a is a quadratic residue mod p

−1 if a is a quadratic non-residue mod p

(1)

This can be used to construct sequences of length p, called Legendre sequences, which can be written as

lk = k(p−1)/2 mod p (2)

where we take the quadratic residue of smallest magnitude. The Legendre sequence has an offset delta function
auto-correlation, with peak p− 1 for zero relative shift and −1 elsewhere.
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3. LEGENDRE ARRAYS

Here, we present a new method to extend the definition of the Legendre sequence to n-dimensions. We then
show how this definition can be used to construct multiple arrays with the same auto-correlation property, and
low cross-correlation between all pairs of Legendre arrays in a family. We define the 2D Legendre array as

lk,m = (k − αm2)(p−1)/2 mod p+ δm (3)

where α is an integer between 1 and p−1. This can be interpreted as an array where each row is a 1D Legendre
sequence with quadratic shift m2. The first row must be offset by +1 to balance the array’s values and maintain
the perfect auto-correlation (p2 at alignment and zero elsewhere). We can construct p−1 of these arrays through
the use of a constant scaling factor α on each shift.

To extend this family, we can apply affine transformations which shuffle the values periodically, but maintain
the correlation properties [5]. Finally, we can take the transpose of the p− 1 arrays obtained through (4) and
pool them together to produce a family of p2 − 1 arrays. One of these affine transformations places Legendre
sequences along the diagonals of the matrix, which guarantees p− 1 symmetric arrays.

For many practical applications, the aperiodic auto-correlation is used. Random arrays are often employed
for these applications as they are simple to implement, and their auto-correlation is generally good. While
Legendre arrays lose their perfect auto-correlation in the aperiodic case, they still maintain an auto-correlation
which is significantly better than random arrays. We measure the performance of the auto-correlations through
the Merit Factor (MF), defined as the square of the peak value divided by the sum of the squared off-peak
values. As an example, the Legendre array for p = 61, α = 1 (Fig. 1a) was compared to a sample set of 10,000
random 61× 61 arrays with values of ±1. The Legendre array had a MF of 1.81 while the random arrays had a
mean MF of 1.00, and at best 1.12. Figure 1 shows the Legendre array, the highest MF random array and their
respective off-peak auto-correlation values. The correlation values are normalised, with central peak removed.

(a) (b) (c) (d)

Figure 1: (a) Legendre array for p = 61, α = 1. (b) Aperiodic auto-correlation of (a) with peak (normalised to
1) removed. (c) Random 61×61 array with ±1 values. (d) Aperiodic auto-correlation of (c) with peak removed.

This can be generalised to n-dimensions through cumulative quadratic shifts along each dimension.

lk,m1,...,mn−1
= (k − α1m

2
1 − ...− αn−1m

2
n−1)(p−1)/2 mod p+ p(n−2)/2δm1,...,mn−1

(4)

Since α1, ..., αn−1 can vary independently, this produces (p − 1)n−1 nD arrays. These initial arrays can again
be extended to large families through the use of affine transformations and transpositions. This is achieved by
performing 2D affine transformations along planes of the nD arrays.
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